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CHAPTER 1

Introduction

1.1 Introduction

In his thesis (see [3]), B.Gross defined an elliptic curve A(p), which has complex
multiplication by K = Q(/~p), for every prime number p. It is defined over the
Hilbert class field of K. We give a brief description of this curve in section 3.1
using notation established in section 1.2.

Among many other things, Gross proves that A(p) has rank zero when p =
7 mod 8. In this case the conjectures of Birch and Swinnerton-Dyer predict that
the value of the L-series of A(p) at s = 1, when divided by an appropriate factor
(call this quotient S(p)}, must be the order of the Tate-Shafarevich group of A(p).
It is known that, when finite, the order of this group is a square. So, in particular,
the conjectures imply that S(p) must be the square of a nonzero integer. In this
paper we give a proof of this last statement. In fact, we obtain in section 3.2 an
explicit formula for a square root of S(p), which includes an intriguing choice of

sign.



This is acomplished by first giving an explicit formula for the square root of
the value at 3 =1 of certain L-series of Hecke characters of K (see Theorem 2.4.2
(ii)). Our starting point is a formula of Hecke (Theorem 1.2.6), which involves
values of theta series of binary gquadratic forms. These values can be factored as
values of the classical Jacobi theta function 8,9 (notation as in Weber’s book [12]).
This is our crucial Factorization Lemma 2.1.1. It was only after much of this work
was finished that we found that this factorization is actually a consequence of a
somewhat neglected result of Kronecker (see [7, vol. IV, pp. 354-357]). We expect
this more general result to provide some insight as to how to extend our work to
quadratic twists of A(p).

Roughly speaking, the factorization exhibits the value at s = 1 as a sum of
h? terms (here & is the class number of K), each a product of two factors out of
a set of A. This then equals the square of the sum of the A factors. A precise
formulation is given in section 2.4.

Finally, we use the Shimura reciprocity law to get algebraic and Galois prop-
erties of the terms in the new formula. This is established in sections 2.2 and 2.3
using the formulation in Deuring, Lang, and Stark. ([2],[8], and [11]). These prop-
erties allow us to show that S(p) is a nonzero rational square. A further argument
shows that a possible denominator of 4*~! actually divides the numerator, proving
it to be an integer. This is done in section 3.2.

Our original intention was to calculate S(p) for various p to investigate their



nature. We found the above mentioned formula after trying to simplify the calcu-
lations involved. The formula does provide a very effective way of computing S(p).
We have programmed it in Kida’s language Ubasic, which allows fast arbitrary pre-
cision calculations for PC’s. It compares very favorably to the method used in [1]
based on Manin’s formula (see [9, Th. 9.3]). Manin’s formula is a consequence of
the functional equations satisfied by the L-series, and as such is more general than

ours since it also covers quadratic twists of A(p). In order to check our calculations

we programmed this method as well.

1.2 Notation, Basic Lemmas and Hecke’s Formula

We let K = Q(v/—d), d > 3 be an imaginary quadratic field with d = 3 mod 4
and we fix an embedding of K into the complex numbers. For any number field
L, O will denote its ring of integers and for any ring R, R* will denote its group
of units. Note that Oy = {£1} and d = disc(K). By ideals we will always
understand integral ideals.

For integers N > 1 and n we let
en(n) = 3%,

For complex numbers w; and w3, [w;, w;] will denote their integral span in C. We
will use H for the upper-half plane, C{(K) for the class group of K, and if A is an

ideal, [A] for its class.

We give now a brief overview of the Hecke character of K related to the elliptic



curves A(p). For more details we refer the reader to Gross [3] or to section 3.1
where we summarize what we need about these curves,

The natural ring inclusion Z ~— Ok defines an isomorphism
Z/dZ — Og /v —dOx.

Composing its inverse with the Jacobi symbol () defines a quadratic character
on Ok, which we will denote by £. Explicitly, we can write any u € Ok as

u = (n + my/=d)/2, with n,m of the same parity, and then
2n
e(p) = (T)'

We now define a Hecke character ¢ by the following conditions:

(1) If A is an ideal of Ok prime to d, then
v(A) =43

where A* = (a), ¢(a) = +1, and B is a complex number such that g* = a. Here
h is the class number of K.

(i1) If  is an integer prime to d, then
P{(a)) = e(a)a.

(ii1) If A4 is not prime to d, then ¥(A) = 0.

There are h such characters, and any two v, ¢’ satisfy

¥/’ =g € CI(K)



where, with some abuse of notation, CI{(K')* is the dual group of CI(K). We will

fix one such % once and for all. It takes values in an extension T/K of degree A,

with a fixed embedding in the complex numbers. Note that (A} = ¥(A).

As usual, we define the L-series associated to ¢ by

L) = S X

which converges for ®s > 3. For any ideal class C € CI(K) we define the partial

L-series to be

We clearly have
Lsi¥)= 3, L(syC)

CeCl(K)

and

L(s;09,C) = ¢(C)L(s; 9, C)
for every ¢ € CI{(K)*. Also, it is easy to see that if A € C~? is an ideal prime to

d, then

E(?)'r
A Ny

These partial L-series can be analytically continued to the whole s-plane, and

L(s;¢,C) =

satisfy a functional equation. Qur main interest is in their value at s = 1. The
starting point will be the formula due to Hecke given below {Theorem 1.2.6). As

opposed to Manin’s approach using the functional equations (see {9, Th. 9.3]),



following Hecke, we get values of weight one theta series rather than integrals of
weight two theta series. This was also the approach taken by Rohrlich in [10].

Before stating this formula, let us give two lemmas which we will use often; we

omit their (simple) proofs.
Definition 1.2.1 For any ideal F we let
Rr = {primitive ideals prime to F}

(Primitive means not divisible by rational integers > 1).

When F = Ok we will just write R, which then corresponds to the set of all

primitive ideals.

Lemma 1.2.2 If A€ R, then A € R, and we can write

b+v=d

A = [a, 5 ]

and
—b \/.._3
A= (a, "'L'_ls
2
where a = NA = NA and b is an integer (determined mod 2a) which satisfies

b = —d mod 4a.

Conversely, given a solution b to this congruence and defining A by the above

formula we get an ideal in R with norm a.



Lemma 1.2.3 Assume F = F. If A1,A2 € Rr are relatively prime, then
A1A; € Ryr. In particular, if A€ Rr and (V—d) divides F, then A® € Ry for
every positive integer n.

Furthermore, if

btv=d o

Ai = [ais 9

then

.Al .Ag = [a,

b+ v=d
2 b

with @ = ayay and some b = b, mod 2a;, 1 =1,2.

Let us also note that for any ideal F and any class C € CI(K), RrNC is
nonempty.

For any class C’" € Cl(K), we let

00'(7) = z qNu/a', qg= egﬁfs
pEA!

where 4’ € C'~! and a’ = NA". It is easy to see that this definition is independent
of the choice of ideal. It is known that this theta series is a modular form of weight

one, level d and character (3) (see [6, pp. 442-447], for example).

In the next definition we will not indicate the dependence on the character v,
which remains fixed.

Definition 1.2.4 Given classes C,C' € CI(K) we take an ideal A € RaNC-?

and we define

0c:/(C) = Oc:(7)/¢¥(A),



where

(V=DA = [ad, f’iﬁ]

for some integer b (by Lemmas 1.2.2 and 1.2.8), and

_=bd+=d
- 2ad )

Lemma 1.2.5 0¢c:(C) is well defined.

Proof: The proof hinges on the modular property of 8¢+; in fact, the corresponding
result is true for any such modular form. We will prove it first for relatively prime
ideals 4, 4’ € R4 that satisfy

A'A = ()
for some u € 4. Welet 7 = 2%1;-@. It is not hard to see that pg/a = v7 + 6,
for some integers v and §, with d dividing v. By Lemma 1.2.3, 4 and é must be
relatively prime. Also,

(k) = (3)
Choose integers o and 8 such that aé — fy =1 and let 7' = :—:{f- It is straight-

forward to check that

o —bd++/-d
N 2a'd ’

where a’ = N A’ and ¥ is such that

(V=DA = [dd, -I’ﬁi'a_‘/:_-d].



The claim now follows from the modularity of 8c¢:.
To prove the general case, given A, A’ € Ry N C~! choose a third ideal B €
RaNC?, prime to the norm of AA’, and apply the previous case to the pairs A, B

and A’, B. This proves the lemma. O

Now we can state the promised formula for the value of the L-series at s = 1.

Theorem 1.2.8 (Hecke’s formula). For any C € CI(K),

L(1;%,C) = (%)7”56 Y 60(C).

€CIK)

Proof: See Hecke (6, pages 450-455]. O



CHAPTER II

Square root of special values

2.1 Factorization Lemma

In this section we prove a crucial factorization of the value of the weight one theta
series in Hecke’s formula, as the product of two values of weight one-half theta

series and a constant.

We set up the notation for the lemma as follows: Let C,,C; € CI(K). We
choose ideals A; € R4 N C7! for ¢ = 1,2 such that their norms a; = NA,; are
relatively prime. It is not hard to see that this is always possible. We let a = a;a,.

By Lemmas 1.2.2 and 1.2.3 we can find odd integers b, * and b such that:
A = @i, ———

b+ /—d
A1 A; = |a, +—2"""]

A Ay = [a,.’f.‘*t_z‘/_‘—d]

(V=d)A; = [azd, éd"—-'-%'__d],

10



1l

where
b* = —bmod 2a,
b* = bmod 2a,
bb = —1 mod 2a.

Finally, recall that we defined
GCL(T) = Z qNu/ala g = e?m’r,
: HEAL

and further let

bio(r) = T T,

k odd

one of the classical Jacobi theta functions (in Weber’s notation, see [12]).

Lemma 2.1.1 (Factorization Lemma)

QCI(%@)=%(1+(2))%C Buol b‘+\/—d) (:_’%m)_

Here ( i3 a 16th root of unity given explicitly by
(= 616(05)616(01")(""')(—)Gafm

where

. — 1 ifn=1mod 4
"T1¢ ifn=3mod 4.
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Remark: Note that { is actually an 8th root of unity.

Proof: We let k = 2a;n + bm; this gives a bijection
{mn€Z}+—— {kym € Z:k=bnmod 24a,}.

Therefore

Y 2
boi(r)= 30 R

k=bm mod Za;

Now let 7 = (—bd + +/—d)/2a,d. Then

80,(M) - E Cza(—l)( k2 ..|.445£1r'n2 ))e_"ﬂ : :mz 5 |

2a;d k=bm mod 2a,
We will break the sum in two, according to the parity of k and m (recall that & is
odd so k and m have the same parity). We will give the details only in the case in
which they are even; the other case is entirely analogous.

It will be convenient to introduce the following notation. For relatively prime
integers M, N we let M* be an integer (determined mod N) such that MM =
1 mod N. We will only use M* as an argument in various functions of period N,
and therefore we will not need to indicate its dependence on N. It is easy now to

verify the next lemma.

Lemma 2.1.2 For relatively prime integers M, N
eN(M‘n)eM(N‘n) = CMn(n)

for every integer n.
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Assume then that k and m are even. Writing &k, m for k/2,m/2 we get

2, dm?
T eaa(—BE? + dm?))e "N h
k=bm mod ay

2 T
= Y ea(—b(k? 4 dm)2 ) (—1)Hme T EE R
k=bm meod a,

by Lemma 2.1.2. We now replace the congruence condition on k& and m by the

sum
LS e (GR)ea(—bim),

al imod a3

and factor the ¥ and m terms for each j to obtain

where
A; = 3 eai(R)ea(—bEP2')(—1)ke "5 T
k
and

B; = 3" eq,(—bjm)ea(—bm?2+)(—1)me- "B VA,

Here we have used the fact that ¥ = —d mod a. We now apply the following

lemma, a direct consequence of the Poisson summation formula, to A;.

Lemma 2.1.3 Let f : Z — C be periodic with period N > 1, N odd; i.e.,

f(n+ N)= f(n), for alln € Z. Then for t > 0 we have

S SRN-1re N =1 S fk et
k k odd



where
flk) = —= fGen(ik)
\/_ m§N
s the Fourter transform mod N.
In our case we have
fk) = ealjask — b 2°k?)

and N = a. Using the known values of Gauss sums we get
¢ 26 ¢ : 3
FE) = (Z)eaea(~2b(a2s + k).
Using Lemma 2.1.3 and interchanging sums, we get, after some calculation,

Co F ea((8a2)b{k + m)¥)e,(—8b(m? + k?))(—1)Fe-"H2VE

k odd, m even

where, again using the known values of Gauss sums,

c-Yd )2 eatar

V81 a2

Now we do a change of variables via

{ m= g
k= iy
This establishes a bijection

{m,k€ Z:meven,kodd} « {u,v € Z:uv =1 mod 4}

with £ + m = u, and m2+k2=£-'{—"3.

14
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Hence our series can be written as

20 T e ((80:)'bu)ea(~16'0(u? + vP))(~1)*T e H=VE

uw,v=1mod 4

(noting that the sum over u,v = —1 mod 4 gives the same value). Next, we factor

the series again to get 2C - A - B, with
A= T ea((8a2)bu?)es(~16'bu*)es(u)e "t V7
u=lmod 4

and

B= Y e (—16bv*)eg(—v)e~"5V3,

vElmod 4

Notice that

€a; ((8a2)'bu?)e (—16'0u?) = e,(—~16°6"u?),

since by definition

b = ~bmod 2a,
b* = bmod 2a,.

Therefore,

A= 3 ea(—lﬁ‘b‘uz)eg(u)c"’&‘/‘?.

u=lmod 4

Now, by Lemma 2.1.2,

Ca(— 16‘5‘!12) = elec(—b'uz)elo(a‘b'uz),
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and similarly

ca(—lﬁ‘bv2) = 61&,(-!)02)813(0‘!&)2).

We leave to the reader to check the following simple lemma.

Lemma 2.1.4 For any odd integer n we have
. 2
ere(n’) = ela(n)(;),

and

2
616(1’12) = 616(1)(;)°
By means of this last lemma and the fact that u,v = 1 mod 4, we find
ijw 2 ™ 12
816(—0 b"u )es(u) = em(ab )83(1)[;)

and

crs(~atbot)es(~v) = crolablea(~1)(2).

Finally, using the identity

we arrive at

1\\//'_ 26)( 2a26)ew(ab')9w(i:2r;\-/—_

‘This completes the case where k,m are even. As we mentioned above, the calcula-

Jero(ab)ro( Y1 ‘/_

tions for k,m odd are similar, yielding the same term times (). This finishes the

proof of the Factorization Lemma. D
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Corollary 2.1.5 Ford = 3 mod 8 we have
L(1;4,C) =0,
and consequently, for every ¢ € Cl(K)*,
L(1;p9) = 0.

Proof: It follows immediately from the Factorization Lemma just proved and

Hecke's formula (Theorem 1.2.6). O

Remark: At least when d is a prime p, the last statement also follows easily from

the fact, proved by Gross in [3, Th. 19.1.1], that the sign in the functional equation
for L(s; ) is (%)

2.2 Definition of the invariants s and ¢

In this section we assume that d = 7 mod 8 and d # 0 mod 3. We will define com-
plex numbers s(C) and ¢(C) for each class C € CI(K), using values of Dedekind’s
eta function and the classical Jacobi theta function 8,5, respectively. They will
be related to the right hand side of the Factorization Lemma (Lemma 2.1.1). We
will not make their dependence on the Hecke character i explicit, since ¢ is fixed

throughout. Some important properties of these numbers are given in the next

section.
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Definition 2.2.1 Given a class C € CI(K) we take an ideal A € ReyNC"?, and

we define
3(C) = ewa(B)n(7)/9(A)
and
tH(C) = e16(b)810(7)/%(A),
where

AQ = [62,

5+\/—_a']
2

for some integer b (by Lemmas 1.2.2 and 1.2.3),

—~b++v—=d

T 2a? ’

n(r) =B JI(1 —¢") ,g=e€*",
n>1

and

bo(7) = Z e.npif' T € M.

n odd

Note that the definitions do not depend on the choice of b since
n(r + 1} = ea()n(7),

and

010(1’ <+ l) = 83(1)010(1’).

We will spend the rest of this section proving that the roots of unity by which z

and 8,0 change (8th and 24th roots of unity, respectively) are under control.
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Proposition 2.2.2 s(C) and t(C) are well defined.

Proof: Asin the proof of Lemma 1.2.5, we will show later that it suffices to prove

that the definition agrees on relatively prime ideals A, A’ € Rgq that satisfy
A'A = ()

for some u € A. In that case we choose u so that Ry > 0; this is possible because
4 is prime to v/—d.

The idea of the proof is that ¥ and 7/, corresponding to A and A’ respectively,
are related by an element of S1;(Z) with controlled behaviour modulo 24. We can
then apply the transformation formulas for » and 8,¢ to relate their correspond-
ing values. Roughly speaking, s and ¢ as functions of .4 have weight zero: 5 and
010 have weight one-half, A appears squared, so the total weight of the numera-
tor is one, and ¢ also has weight one. The crucial point is the computation of
the quadratic symbol (}) (see below), which we will do in detail; we leave other

computations to the reader.

Let a = N4 and a’ = NA'. By Lemmas 1.2.2 and 1.2.3, () € Req and

A= [as’%’"_m]

for some integer b. Note that d = 3 mod 4 implies that b must be odd; also, a is
relatively prime to 2d. Since u € A, we get that 4 = mi(—b+ /=d) + na for

some integers m and n, which must be relatively prime because (u) is primitive.
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Let ¢ = (b + d)/4a. It follows from d = 7 mod 8 that c is even, m is even and n
is odd.

Also note that a,b are relatively prime since a is relatively prime to d and
b? —dac = d. It follows from Lemma 1.2.3 that b = b+ 2ar for some integer r, with

= —cmod a. It is now a straightforward, if tedious, calculation to show that
= a’(y7 +§)
where

¥ = (2an — mb)m

{ 6 = n? + 2rnm — m3(br + c)/a. (2.1)
We can clearly choose b and r so that b = Omod 3 and & > 0. We fix one
such choice for the rest of this proof; it will simplify matters when using the
transformation formulas.

By Lemma 1.2.3, (u?) is primitive so 7 and § must be relatively prime. Observe
that (v,6) = (0,1} mod 8. It is not hard to verify that modulo 3 there are
two possibilities: (i) u? = £1 mod 3 or (ii) 4> = +v/—dmod 3. {Recall that
we assumed d # 0 mod 3.) It follows that: (i) (v,6) = (0,+1) mod 3 or (ii)
(v,8) = (£1,0) mod 3.

We can therefore find integers « and 3 such that M = ( : ‘g ) € SL(Z),

10 +1 0

0 1 0 +1 ) mod 3 in case (i) or

with M = ( ) mod 8, and either M = (

M= ( ;:)1 T)l ) mod 3 in case (ii). Finally, let
T
T = — .
~F+ 6
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We leave to the reader to verify that

-¥++/—=d
2 _ 12
A - [a ' 2 ]
and

Pty

T = [———],

2a'

where

3¢ — byé + a?6? (2.2)

Notice that ¥ = b mod 16 and also # = 0 mod 3 in both cases (i) and (ii).

We are now ready to use the transformation formulas.

Theorem 2.2.3 Let ( : B) € Si(Z) with v even, & positive (and odd), and

é
T €H. Then
n(:: : ?) = (%)324(")\/77 + &n(r)

and

010l SL) = (Dyen(p)y/77 + 6 6ual7),
where

k=3(6-1)+88—7)— (6= 1)ya
and

p=2a+1)(1—8)+ 688+ (6 - 1)va.
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Here the square root is the usual branch with non-negative real part, and (3)
is the usual Jacobi symbol, where it is understood that () = +1.
Proof: See [12, pp. 126,131). We have modified the notation slightly. O
Applying this theorem to our situation, we see that p=0mod 8 and x =
0 mod 24 in every case. Also \/¥7 + & = u/a because we have chosen Ry > 0. We
then have

aews(¥)n(7) = (Fucw(B)n(7)

and

aese(¥)b10(7) = ()era(5)010(7).
Combining this with properties of 1 we see that
eu(B)(7)/$(A) = (Fe(Wea(@)n(7)/H(A)
and
er6(B)010(7)/%(A) = (F)eu)ers(#)ra(7)/¥(A).

Recall that £ is the quadratic character on Ok defined in section 1.2. It satisfies

P(p) = e(p)p.

As we said above, this is now the crucial point: we must prove that both signs

cancel out. That is, we have to prove the identity

e(w) = (3)-
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For this, let m = 2!m’ with m’ odd. Then by (2.1),

2an mem

,
=3 G

Now (%)‘ = +1 since § = 1 mod 8. Also § = n? mod m’'; so by the quadratic

reciprocity law (L"g:) = +1. Notice that 2Ry = 2an — mb, and therefore

e(u) = (222

(recall that d =7 mod 8, so (3) = +1 ). Hence, it remains to prove that

2an — mb 2an — mb)

() = (R

It follows from (2.1), after a short calculation, that
4a%6 = —dm?® + (2an — mb)(4arm + 2an + mb).

Again, write 2an — mb = 2'k, where k is odd (and positive because of our choice

of u). By the quadratic reciprocity law we obtain

( 2an — mb é
— )=

and therefore

(notice that 2a is relatively prime to k).

Similarly,

2an — mb —d
Fmom - (2
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and we are done.

It remains to reduce the general case to the one just proved. Let then, A, A’ €
Ra24 N C~1. We can choose a third ideal B € R34 N C-! prime to the norm of A4’
and now apply the above case to the pairs A,B and A’,B. This completes the

proof of the proposition. O

2.3 Properties of s and ¢

In this section we assume that d is a prime p = 7 mod 8. Recall that in section 1.2
we defined a Hecke character of K which takes values in an extension T/ K of degree
k. We have fixed one of the A possible characters; in other words, we have fixed
an embedding of T/K in the complex numbers. Consider also a fixed embedding
of H, the Hilbert class field of K, in C.

We let M = TH. The above choices fix an embedding of M/Q in C. We
let M* = M NR. It is not hard to see that TN H = K (see [1]). We may
therefore identify CI(K)* with the embeddings of M/H in C, the trivial character
corresponding to our fixed embedding. We will use the same letter ¢ to denote the
embedding corresponding to ¢ € CI(R)*. Also, we may identify Gal(M/T) with
CI(K') via the Artin map. For a class C' € CI(X) we denote the corresponding
automorphism by o¢.

We now summarize all the properties of the invariants s and ¢ that we will

need.
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Proposition 2.3.1 (i) s(C) and t(C) are nonzero for every class C.

(i) 3(C) = s(C~?) and HT) = HC ).

Proof: Part (i) follows from the fact that neither 5 nor )¢ vanish on the upper-half

plane. Part (ii) is an easy consequence of the definitions. O
Definition 2.8.2 Let Cy denote the principal class. For every class C we define
uc = 8(C)/3(Co)

and

ve = H{C)/t(Cy).
Note that by the above Proposition uc and v are well defined.

Theorem 2.3.3 (i) uc is a unit in M.

(i1) For any C,(’ and o,
o = U
ug = ¢(C)~luc
Uc tir? = ugic.
(iii) Consider { = 2 — op and £ = 2 — op-1 in the group ring Z[Gal(M/T)),
where D = [Q] and Q = [2,(1 + /=p)/2] is one of the primes of K above 2. Then
for every class C

Vo = ug.

(iv) Properties (i) and (ii) also hold for v¢.
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(v) The map
Ci(K) — (Oam/20um)"

C — ve

s a homomorphism.

Remark: The units u- and vc are a slight generalization of elliptic units and are
similar to the ones in [1] aixd [4] (but there is a clash of notation!).

Proof: Our claims are consequences of the Shimura reciprocity law. We will not
need its full strength and hence we will use its more classical formulation. For this
we will follow Deuring (2] and Stark [11]. We will also need some facts from Lang’s
book [8]. We first set up some notation that we will use throughout this proof. As

in section 2.2, for any ideal A € Rg, we write

A2 = [az‘ HT \,-'P]

We define

b4 V7R =Lt VR

U(A) = ess(b— 1)n(

and

V(A) = exa(b — 1810 b;’;/_)/o o ”2*/_ )

These are well defined because the right hand sides are independent of . It is easy
to see that

ug = U(A)/$(A) (2.3)

and

oy = V(A)/(A). (2.4)
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We now pick an ideal 4 € Rep N C~! and let @ = N.A. By the Chebotarev
density theorem there exists a prime ideal of degree one, £ say, in Reap N C'~1. As

before, we choose an odd integer b so that
A? = [d?, Ei_z__ V=P,

£ =[5 HT V_p],

and
b+ /=p
Q= [2,—H.
Here ! = NL and @ is the prime above 2 chosen in (iii).

We define a function on the upper-half plane by

-y = 2r/a?)
9(m) = n(r) ~

It is an easy matter to verify that

V) = (SR

It follows from [2, p. 14] and [8, ch. 12-13] that ¢ € F,2 (notation as in [8]), is
fixed by upper triangular matrices, has no poles (or zeros) in the upper-half plane,
and has integral coefficients in its q-expansion at every cusp.

We can now start with the proof. By [2, p. 41], U{A) € Oy and (U(A)) =
AOy. Also, (A) € Or and (¥(A)) = AO7. Therefore, by (2.3), uc is a unit in

M, proving (i).
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The first two properties in (ii) are easy. For the third, we apply (11, Th. 3]

twice, using

LA? = [ia?, 5_+2£E]

and
L2A? = [Pd? b+ v=p V=P
T
to get
o ""6"‘ - ""5+ -
U(A)Y e = n(—5am D) In(—S5—)-
Therefore,

U(A)’e” = U(AL)/U(L).

Our claim now follows from (2.3).

To prove (iii} we recall the classical formulas (see {12, p. 114])
bro(7) = 29(27)*/n(r)

and

eas(1)9(r)* = n(2r)n(r/2)n((r + 1)/2).

Combining these, we obtain
B10(r) = 2e24(1)n(7)°0(7/2)*n((7 + 1)/2) .
Again by [11, Th. 3), if r = (~b + /=p)/2 then

9(r/2) = U(A)Y?,

(2.5)

(2.6)
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and also, after some calculation,
g((r + a*)/2) = U(A)*>"". (2.7)
Now notice that
€€ =5—20p —20p-1,
and so by (2.5), (2.6), and (2.7),

V(A) = U(A). (2.8)

Our claim now follows from (2.3} and (2.4).
Part (iv) is a direct consequence of (iii), (ii) and (i).

Finally, we prove (v). It will be enough to show that
V(A) =1 mod 204.

By the fundamental property of the Artin map, for any integer « € Oy prime

to 2, we have

o =1 mod QOp, (2.9)

and

of =1 mod QO (2.10)

(recall that H/K is abelian).
So now (v) follows from (2.8) by taking a = U(A) and a = U(A)¢ in (2.9)
and (2.10), respectively. (It is not hard to see that these numbers generate 4 and,

in particular, they are prime to 2). This completes the proof of the theorem. O
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2.4 Formula for the L-series at s =1

In this section we continue to assume that d is a prime p = 7 mod 8. Recall that

h is odd when d is prime and hence every class is a square in CI(K).
Proposition 2.4.1 For any classes C,C’' € CI(K) we have
0cn(C?) = Yp t(CCH(CC').

Proof: It follows from the Factorization Lemma (Lemma 2.1.1) applied to squares
of ideals, Lemma. 2.1.4, and the definition of t. We leave the details to the reader. O

We can now combine this with Hecke's formula (Theorem 1.2.6).

Theorem 2.4.2 For every class C € CI{K) and every ¢ € CI(K)"*,

()

L(1; 9, C?) = p(C?)— tCcoHce),
(109, C?) = o( )\‘/ﬁc‘gm( )¢ )
(i) ,
L py) = — o)) ,
(1; %) w(ﬁgmw( )t( ))
and
(iii)

b )
ZL{tieg) = Z S HOP

Proof: Recall that every class is a square. Part (i) follows directly from Propo-

sition 2.4.1 and Hecke's formula (Theorem 1.2.6). Part (ii) follows from (i) after
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a change of indices in the sum. Part (iii) follows from (ii) by expanding the right

hand side and summing over . O

Corollary 2.4.3 For ¢ € CI(K)*, let

Y L(L; 09)

L(w) = o t(co)g

and
l(p) = ;‘P(C)Uc-

Then for every C € CI(K) and o, ¢’ € CI(K)*, we have

(1)
L(p)°¢ = vg'L(yp),
(it)
L(p)* = L(¢'y),
and
(iii)

L(p) = l()".
Moreover, I(¢) is a nonzero integer in (M*)*; in particular
L(1;py) > 0.

Remark: That L(1; 1) is positive was first proved by Rohrlich in a different way

(see [10]). Regarding the integrality of L{¢), compare [5, cor. 3.2).
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Proof: Parts (i) and (ii) follow easily from the properties of ¢ given in Theo-
rem 2.3.3. The first identity in (iii) follows from part (ii) of the theorem. It is
clear that I(¢) is an integer in M fixed by complex conjugation. It is also clear
that each L(y) is a non-negative real number. To see that it is actually positive,
observe that by part (iii) of the theorem, J_, L(¢) is positive (we have shown in
Theorem 2.3.3 that t{(C) is never zero). On the other hand, by part (ii) of this
corollary, if one of the summands is zero, they all are. We conclude that L(1; @)
is positive for all . D

Remark: Let us note that vc, and therefore {(yp), remains unchanged if we re-
place t by —¢. In particular the sign of {(¢) is uniquely determined. Interestingly,

not all of these signs can be the same. To see this, note that
Z llg)=nh
L

and
DU =h3 |vei®
7 C

Therefore

= 3 UoM(e) = h— T lool

v c

A crude estimate using the definitions (left to the reader) shows that |vc[ > 1 for
every class C. Hence, the right hand side is negative and, in particular, not all of

the {(p) can have the same sign.



CHAPTER III

Applications

3.1 The curve A(p)

Throughout this section we assume that d is a prime p = 3 mod 4. Following
(Gross we consider the elliptic curve A(p) and state some of its properties., For
details and proofs we refer the reader to Gross’ work in [1], (3], and [4].

We let 7 = j((1 + /—p)/2) where j(7) is the classical modular function. It is
easy to check that j is real. We let F = Q{j). We have then, that F/Q is an
extension of degree & with a fixed embedding in the real numbers, and H = FK
is the Hilbert class field of K.

We define the elliptic curve A(p) over F by the Weierstrass equation

mp np?

2437 T 3

y2=x3+

where m and n are in F and satisfy

—nzp = J — 1728,

33
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and
. 2
sign(n) = ()

We let w = £= be the differential associated to this model; it is straightforward to
check that A(w) = —p°.

The only primes of bad reduction for A(p) are the primes dividing p. In ¥ we
have

(p) = PoP?--- PR

where k' = (h — 1)/2. The type of reduction for each of these primes is given
explicitly by Gross in [3, 14.1]. For our purposes it is enough to know the value of
m,, the number of connected components of the Neron model of A(p) at v that are
rational over the residue class field. These are as follows: (i) for v = Py, m, = 2,
and (ii}forv=P; : =1,2,...,h"), m, = 4.

We note in passing that from the above factorization of p and the fact that no
other prime ramifies in H/Q, it follows easily that the discriminant of F/Q is p*'.

The torsion subgroup of A(p) over F is of order 2 and A(p)(F) has rank zero
when p = 7 mod 8.

The curve A(p) over H has complex multiplication by Ok and its associated
llecke character is ¥ o Ny/x, with ¢ being the Hecke character defined in sec-

tion 1.2. It follows that the L-series of A(p) over F factors as

Lis;A(p)/F)= ][I L(sie¥). (3.1)

PeCKK)*
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3.2 Formula for the square root of the predicted order of
the Tate-Shafarevich group

In this section we assume that d is a prime p = 7 mod 8. We will put our formula
for the L-series at s = 1 (Theorem 2.4.2) together with the calculation of all the
factors involved in the Birch-Swinnerton Dyer conjecture to obtain a formula for
the square root of the predicted order of the Tate Shafarevich group of A(p) over
F. We will be able to show that this number is in fact an integer. Our formula
gives a specific choice of sign for this square root, which seems very interesting.
For the setting up of the Birch-Swinnerton Dyer conjecture we follow Manin
(see {9, sec. 8]). In section 3.1 we already have most of the terms: we know
the order of the torsion, the discriminant of F/Q, and the m,’s corresponding to

primes of bad reduction. We also have a formula for the value of the L-series of

A(p) at s = 1; namely

A 2
Lu;A(p)/F)=(-’-’-)( 0 x so(C)t(C)).

VP pECIK)* CECYK)
obtained by combining Theorem 2.4.2 (ii) with (3.1). It remains to compute m,
for the archimedean primes of F,
As in section 2.3, we identify the Galois group of H/K with the class group
Cl(K) via the Artin map. We pick representatives 4; € R for i = 0,1,... 4’

{here, as before, A’ = (k — 1}/2) such that

CUK) = {[Ad], [As],...[Aw], [A]7",... . [Aw] 7'},
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where [A] denotes the class of A in CI(K). We choose 4y = Ok.

By Lemma 1.2.2 we can write

fort=0,...,A', where a; = NA,. Welet r; = —‘ﬁ-;-';‘alﬁ

Corresponding to .A; we have an embedding of F in the complex numbers which
we will denote by o,. For 1 = 0 we have our chosen real embedding of F, and for
t = 1,...,h’ we have pairwise nonconjugate complex embeddings.

Recall that w is the differential form on A(p) defined in section 3.1. It is not
hard to see that the lattice of periods of w” is ;[1, 7], for some §2;, which is real for
i = 0, and complex for i = 1,...,k'. Since A(w’) = —p® for every i =0,1,..., %,
we obtain

2r 2
|$%] = 7 ln(7)I%,

where 1 is Dedekind’s eta function.
Using now the formulas in [9] it is not hard to verify that:
(i) for v = oy,

2r
my = ~— IW(TO)Izo

P

(ii)forv=o0;and 1 = 1,...,A,

We need one more fact.
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Lemma 8.2.1 With the notation as above, we have the identity

Inm? o
In(ro )|'1_]1 v R ILCE

Proof: This follows from Theorem 2.3.3. We leave it to the reader. O

Theorem 3.2.2 We denote by S(p) the order of the Tate-Shafarevich group of
A(p) over F as predicted by the Birch-Swinnerton Dyer conjecture. We have the

formula

S(p) = 1 eecuxy Leecix) PICH(C)
2a-1 Meecnx) HC)

Remark: We should understand the right hand side as giving a specific choice of
sign for the square root. This sign remains the same if we replace ¢t by —¢.

Proof: It amounts to putting together all the terms calculated above into the
Birch-Swinnerton Dyer conjecture, as given for example by Manin (see [9, sec. 8]).

We leave this to the reader. 0
Corollary 3.2.3 The number S(p) is the square of a nonzero rational integer.

Proof: That S(p) is nonzero follows from Corollary 2.4.3 (iii). By dividing nu-
merator and denominator by ¢(Co)"* (here again, Co denotes the trivial class) we

can rewrite the formula as

C
m _ 2,‘1&‘ M, e »l )vc1

e ve
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where vec = t(C)/t(Co) are the units defined in section 2.3. This already shows that
S(p) is an algebraic number with at most powers of two in the denominator. We
need to prove: (i) m is a rational number, and (ii) 2! divides the numerator.

{i) To show \/‘% is a rational number, we check its behaviour under the
action of Gal(Q/Q). For this we use the various properties of t described in

Theorem 2.3.3.

(a) Both numerator and denominator are fixed by complex conjugation since

we have p(C) = ¢(C-1) and #(C) = t{(C-1).

(b} Under the action of a¢s, for any class C € CI(K'), the numerator changes
by a factor of vg*[I,»~!(C), and the denominator by vg*. Since CI{K)* is of odd
order, it follows that /S(p) remains fixed.

(c) Under the action of ¢, for any ¢ € C!(K)*, the numerator remains fixed
and the denominator changes by a factor of [J¢c ¢ ~!(C). Again, since CI(K) is of
odd order, \/.Sm remains fixed.

This shows that /S(p) is a rational number.

(ii) To show that 24-! divides the numerator in the formula for \/gﬁ, let
M’ = M((), where (y is a primitive hth root of unity. Let Q be any prime of M’

above 2. It follows from Theorem 2.3.3 (v) that the map

CUK) — (Om/Q)

C — vc

is a homomorphism. Therefore, h — 1 of the factors in the numerator are divisible
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by @, the remaining factor being congruent to A mod Q. This is enough for our
purposes, but note that A is odd so that exactly A —1 of the factors are divisible by
Q. We conclude that 2*-! divides the numerator, since 2 is unramified in M'/Q.

This completes the proof of the Corollary. D
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