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Euler 1760
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um feries comuergentes ita definiantir , vt conffent
terminis continuo decrefcentibus , qui tandem, i

feries in infinitum procefferit penitus cuanefCant ; facile
intelligitur ,” quariim ferieram termini infinitefimi nod il
nihilum abeant, fed vel finiti maneant, vel in infiniturit
excrefcantt, €as, quia non fint coruergenites , ad clafem
ferieram  dinergentintn  refersi oportere.  Prout igitur
termini feriei vitimi, ad quos progreffione in infinitum
continuata pernenitur , fierint vel magtitudinis. finitae,
vel infinitae, duo habebuntur feriernm divergentium ge-
fera , quorum vtramgue porro in duas fpecies fubdiui=
ditar , prout vel omnes termini eodem fint affecti figno,
vel figna — et—alternatim f& excipiant, Omnino ergo
habebimus quatuor ferierum diuergentium {pecies, ex qui-
bus maioris perfpicuitatis gratia aliguot exémpla fubiungam.
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Wallis 1685

§. 13. His nraemiffis neminem fore arbitror, qui’
me reprehendendum  putet gued in  fummam fequen-'
tis feriei diligentius 1rqmﬁuenm-

-1t 24- 120—4}—760—50404—4.0320-—&:.
quae eft feries a Walliio hypergeometrica -didta ﬁgms>
alternantibus inflructa.  Huec feries autem eo magis -
notatu digna wvidewr, quod plures fummandi methodos,

quae mihi alias in hoivsmodi negotio ingentem vium
pracfiterunt , hic fruftra tentaverim.  Primo quidem
dubitare licet;, vtrum haec feries fummam "habeat finia
tam , nec ne?! quia multo magis diuergit, quam vl
feries geometrica ; fummam autem geometricarum efle
finitam , extra dubium eft pofitum. Verumntamen cum
in geometricis diuergentia non obftet, quominus {int fim-
mabiles , ita verifimile videtur:, .et hanc feriem hyper-
geometricam fummam habere finitam. - Quaeritur ergo - .
in numeris, proxime faltem, valor eius expreffionis finitae, ,
ex cuius euolunone ipfa feries- propofita nafcitur.



Hypergeometric series

»
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» The coefficients A,, satisfies the recursion

(n+ D(n+y)An = (n+ a)(n + P)A,.

» Consequently, the series satisfies the second
order differential equation

2
(1 - t) + (y—(x+6+ 1)t)— —afy = 0.



Integral representation

» For R(y) > R(B) >0

a f
Y |] F(,B)F(V ﬁ)f

N l P 1=x) P (1=t

» For example

zFll% %u]:lfl : 1
1 nJo Vx(1 =2 = x)

» This is an elliptic integral




Pendulum

» The period of a pendulum for arbitrary
amphtudes 1nv01ves elhptlc integrals.




Elliptic curves

» Concretely, take ¢t € C not equal to O or 1. Then

11
w(t) 2=7T'2F1[% 2|t]

1s a period of the Legendre elliptic curve

E.: y =x(1-x(1-1tx)

w(t) = f w,
Y

» where w := dx/y is a holomorphic differential
and vy a closed cycle in E,(C).

» Namely



Algebraic Geometry

>

In general, the integral representation connects
»F to algebraic geometry (a, 3,y € Q meeting
some simple conditions).

It shows it appears as a period function.

L.e., as the integral of a holomorphic differential
on a family of algebraic varieties (curves).

Period functions satisfy linear differential
equations (Picard-Fuchs), ultimately because
cohomology is finite dimensional.

Their singularities are regular.



Arithmetic

» Note

YT By (2:)2 Bi

n>0
» Take t € F, different from O and 1; here F,, is a
finite field p > 2 prime.
» Then (Deuring)
#E,(F,)=p—A,>1) + 1 mod p,

» where

(p—1)/2 2
2n r\"
— (_1\(p-D/2 _
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L-functions
» Fix now ¢ € Q different from O and 1.

» For p 1 N define a, by
#E(F,) =:p—a,+1

» With these form the L-function of E
2

A(E, s) := (W)_ I'(s) l_[(l—app_s+p_zs)_l, Pa
P

» By modularity (Wiles et al) A(s) extends to all s
and satisfies

AlD &\ — I AL N 11



General (motivic) L-functions

» In general, for a pure motive M over Q of rank d
we have

AM, $) = NPLo(o) [ ] LM, p~)7,
p
» where L,(M, T) are polynomials of degree at
most d (known as Euler factors)

» For p 1 N (the conductor)
d

LMD =|a-ant, &= p

i=1

> the integer w is called the weight of M.



General hypergeometric series

>

... aqg . (@)n - (aa) "
it [ﬂl B t] B Z{ B Ba-Dun!’

v

Satisfies a linear differential equation of order d

v

with regular singularities at t = 0, 1, co.

v

Integral representation

1 d-1

1
c f f X (Lo (g - - 2g) ™ dlx

13



Algebraic Geometry

» Take a := (ay,...,29),0 = B1,...,B4-1)
multisets in Q disjoint modulo Z.

» Then

a; ... Qg
aFa-1 | ¢
[ﬁl oo Baa ]

is a period function of a family of varieties

» (by the integral representation)
d-1
"= = = e xg)
i=1
for appropriate integers ay,...,aq;bi,...,b4—1
and m.



Hypergeometric Motives

» Conjecture: There 1s a family of pure motives
H(a, B|1) associated to the data (a, 8) defined
over a cyclotomic field.

» Fix 1y € Q different from O and 1 and specialize,
say M := H(a,B|10)

» The Euler factors L,(T) of M are computable in
terms of finite analogues of

ar ... Qg
Fy t
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for all but finitely many primes.

» Other ingredients of the L-function of M, weight
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MAGMA implementation

»

M =H((1/2,1/2,1/2,1/2),(0,0,0,0)|1), fo ="

Motive of rank 4 and weight 3. Euler factor at
p = 2 (of good reduction: N = 255).

L(T) = 64T* + 873 + 6T*> + T + 1

>H::
HypergeometricData([1/2,1/2,1/2,1/2],[0,¢

v

v

L := LSeries(H,t0 :
BadPrimes:=[<2,0,L2>]);

CFENew(L);
0.000000000000000000000000000000 16

v

v



MAGMA implementation

» a=[1/8,1/3,3/8,5/8,2/3,7/8], B =
[0,1/6,1/2,1/2,1/2,5/6]
t = 1 (a singular point)

v

v

Degree drops: d = 5,w =2

Guess: N =27-.32 [, =

8T° —AT? - 2T + 1,13 = -27T° -3T>+ T + 1
> H :=
HypergeometricData([3,8],[1,2,2,2,6]);

v

v

> L:=LSeries(H,1);
> CFENew(L);
> 0.000000000000000000000000000000

v

v

v



